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1 Introduction

In this paper, we discuss a difficulty in decision-making when there are multi-
ple evaluative attributes in terms of which the options are assessed. We start
with an informal outline of the difficulty and some examples from various
sources in welfare economics, social choice theory, and individual decision-
making in both ethical and non-ethical matters.

Imagine that you face the problem of choosing between two options, x
and y. How do you proceed in making your choice? A plausible route will
be to identify first the evaluative attributes or criteria that you consider to
be relevant for making your choice. Your choice between the two options
will depend on these criteria identified by you. Typically, you would then
commit yourself to the dominance principle with respect to the criteria that
you have already identified, so that, whenever option x is better than option
y in terms of some criteria and no worse than option y in terms of any
criterion, then, overall, you would consider option x to be better than option
y, and, hence, you would choose x over y. When the dominance principle
is applicable, there does not seem to be any need for worrying about the
relative importance of the different criteria that you have identified. What
happens if neither of the two options dominates the other in terms of the
evaluative criteria? In particular, what happens if, in terms of some of
the evaluative criteria,option x is better than option y, and, in terms of
some other evaluative criteria, option y fares better than option z? In such
cases, you would need to determine the relative importance or trade-offs
between these different criteria. In determining how to make such trade-
offs, however, you may like to take into account the contextual features of
x and y. These contextual features do not constitute independent criteria
for judging the options in any usual sense of the term ‘criterion’; in fact, the
notion of ‘more’ or ‘less’ (or, ‘more desirable’ or ‘less desirable’) with reference
to these contextual features may not make any sense at all . Nevertheless,
you may consider these contextual features to be be relevant for how you
would like to trade off the gains in terms of some of the criteria against
the losses in terms of some other criteria that you have identified at the
outset. Your choice in the presence of conflicting criteria may then depend
on these contextual features: if the contextual features are of one kind, then
you would choose x over y, and if they are of another kind, then you would
choose y over z. In what follows, such dependence on contextual features



when neither option dominates the other in terms of the selected criteria will
be called context-dependence’.

If this is how you make your decisions, going first by the dominance prin-
ciple, defined with reference to the evaluative criteria, if at all the principle is
applicable, but allowing contextual features to influence the relative impor-
tance that you attach to the different evaluative criteria when the principle
of dominance is not applicable, then your preferences cannot be simultane-
ously transitive and continuous. This is the basic message that emerges from
several examples of decision-making to be found in both economics and phi-
losophy. How can this be? Consider the following informal reasoning. By
context-dependence, there are options x, y, z and w such that

(i) z and z perform equally well in terms of the evaluative criteria, and so
do y and w, and yet , given that the selected criteria conflict when
comparing z and y (and also when comparing z and w), suppose you
prefer x to y and w to z because either the contextual features of x and
z are different or those of y and w are different and you allow these
contextual features to determine how you trade off the gains and losses
in terms of the different conflicting criteria. .

(ii) Assume that all the evaluative attributes refer to desirable attributes (for
clarificatory comments on this assumption, see Section 3.1). We can
then consider 2/, which has slightly more of some evaluative attribute
than z but exactly the same amount of each evaluative attribute as
z, and w’,which has slightly less of some evaluative attribute than w
and exactly the same amount of every other evaluative attribute as w.
Since the difference between z and 2’ and also the difference between w
and w' are assumed to be very small and you preferred w to z to start
with, you will prefer w’ to 2z’ because your preferences over the options
are continuous.

(iii) By dominance you must prefer 2’ to x and y to w'.

(iv) Thus, you prefer = to y, y to w', w' to 2/, and 2’ to x, so that you have
a cycle of strict preferences.

'For alternative formal formulations of this intuitive notion of context-dependence, see
Section 3 below.



The difficulty presented in the above reasoning is not isolated; it emerges
in many decision-making problems in very different areas. We give several
examples from the existing literature.

Example 1 (Comparison of living standards). Suppose we have some
real indicators of living standards, or, functionings, to use the terminology
of Sen (1985, 1987)), such as health, education, nutrition, etc. Using these
functionings, all of which represent desirable evaluative attributes or criteria,
we want to compare the living standards of a given individual in different
situations and also the living standards of different individuals. In this con-
text, it has been suggested that, whenever an individual is doing better than
another individual in terms of some of the functionings and is not doing worse
in terms of any one of the functionings, the overall living standard of the first
individual should be deemed to be at least as high as the living standard of
the second individual, irrespective of the values and/ or the social and cul-
tural backgrounds of the two individuals (this is the principle of dominance).
If, however, = and y are two functioning bundles one of which has more of
some functionings and the other has more of some other functionings, then,
in comparing a given individual’s standard of living from the two functioning
bundles, z and ¥, one can take a ‘relativistic’ position and allow the values of
the individual under consideration and the norms and mores prevailing in her
society to play some role in weighing the gains in terms of some functionings
against the losses in terms of some other functionings (context-dependence);
Pattanaik and Xu (2007) called such context-dependence in standard of liv-
ing comparisons “minimal relativism”. From our earlier reasoning, it then
follows that the comparison of living standards cannot be transitive and con-
tinuous. At the risk of emphasizing the obvious, note that the culture or
social background of a person is not a criterion in its own right. It does not
admit the notion of 'more’ or ’less’; nor does the appeal to culture in the
decision process imply any judgment that one culture or social background
is better or more desirable than another. It does, however, influence the
trade-offs between the different evaluative attributes, i.e., the functionings,
in our example.

The difficulty is not confined to comparisons of living standards based on
real indicators. Consider the following

Example 2 (The Pareto principle and non-utility considerations).
A basic value judgment, widely used in welfare economics, is the Pareto

4



principle, which requires that, if a social state = offers more utility to some
individuals in the society as compared to another social state y and no less
utility to any individual as compared to y, then x is socially better than y;
this is the principle of dominance here, the individuals’ utilities being the
evaluative attributes. If, however, some individual, 7, has higher utility in x
than in y and some other individual, 7, has higher utility in y than in z, then
the Pareto principle does not apply. In these cases where the Pareto princi-
ple does not apply, it seems tempting to allow non-utility considerations to
influence the issue of how one should weigh one individual’s loss of utility
against another individual’s gain in utility. Thus, if  and y differ only with
respect to some aspect that relates to i’s personal life, then one can take the
position that the consideration of i’s utilities from = and y must take strict
priority over the consideration of other individisuals’ utilities and x should
be considered socially better than y, and, on the other hand, if the two states
differ only with respect some aspect relating to j’s private life then, by a sim-
ilar intuition, y should be considered socially better than x (see Sen (1970a,
1970b)). This, of course is an example of context-dependence here. It fol-
lows that such context-dependence based on the notion of the private life of
an individual and the dominance rule embodied in the Pareto principle can-
not be both satisfied if the social ranking is transitive and continuous in the
individual utilities.?Again, note that the physical descriptions of the social
states, which determine whether two social states differ solely with respect
to the private life of a given individual, do not constitute an independent cri-
terion for judging the social states. Nevertheless, these physical descriptions
may influence our judgment about whether we should give priority to one
individual’s gain (resp. loss) of utility over another individual’s loss (resp.
gain) in utility.

The difficulty goes beyond welfare economics and the theory of social
choice.? Consider the next example due to Hare (2007).

Example 3 (Individual decision-making in non-ethical matters).
Consider an individual assessing the relative desirability of cars, using several
criteria. The individual assesses cars in terms of two evaluative attributes,
comfort and style. If one car is at least as good as the another car with re-

2For a discussion of a somewhat related result, see Kaplow and Shavell (2001).
3See Fleurbaey (2007) and Weymark (2008) for some related examples in welfare eco-
nomics and the theory of social choice.



spect to both comfort and style and is strictly better than the other car with
respect to at least one of these two criteria, then he ranks the first car higher
than the second in an overall comparison of the two cars (dominance). If,
however, there is a conflict between the rankings of the two cars in terms of
comfort and style, then he attaches a greater weight to comfort if the two cars
happen to be two different Mercedes (as Hare puts the individual’s reasoning
here, “comfort is what a Mercedes is really about”) but a lower weight to
comfort if the two cars happen to be Bentley (as Hare captures the individ-
ual’s feelings, “style is what a Bentley is really about”). Though the brand
of the car is not an independent evaluative criterion in this example, it does
influences the comparisons of cars in some cases by influencing the relative
importance that the agent attaches to the two evaluative attributes, namely,
comfort and style.This, of course, is an instance of context-dependence. In
such a case, the individual cannot have transitive and continuous preferences
over the cars.

And finally, consider the following example which is a slightly modified
version of an example due to Hare (2007).

Example 4 (Individual decision-making in ethical matters). Here
the agent faces a moral problem. There are several persons who are in dis-
tress and need help. The agent is faced with the problem of ranking, in
terms of his ethical obligations, the options of helping these different indi-
viduals and also the option of helping nobody. There are three evaluative
attributes: the urgency of a person’s need for help (the more urgent the
need, the greater the moral obligation of the agent to help) ; the extent to
which the person in distress is responsible for his own situation (the less the
person’s responsibility, the grater the obligation of the agent to help); and
the cost involved in helping the person in distress (the lower the cost, the
greater the agent’s moral obligation). In ranking the options of helping either
of two individuals, the agent goes first by the dominance principle defined
in terms of these three criteria if the dominance principle is applicable at
all. If, however, these criteria conflict in some comparisons, then the agent
needs to assess the relative importance of these different criteria. In doing
so, he looks at contextual features such as whether the person in need is an
adult member of his family or the person in need of help is a very young and
inexperienced person who happens to be a stranger or the person is a very
young and inexperienced family member, and so on. If the person happens



to be young and inexperienced, the criterion of responsibility is given rela-
tively less importance; on the other hand, if the person is a relation rather
than a stranger, the criterion of cost is given relatively less importance. In
considering these contextual features when the three moral criteria conflict,
the agent does not not use the contextual features as independent moral
criteria; instead, he allows them to bear on the relative importance that he
attaches to his evaluative attributes, the urgency of need of the person, the
extent to which the person is responsible for his plight, and the cost involved
in providing help. In this case, again, the individual cannot have a transitive
and continuous ranking over the options. Note that one of the evaluative
attributes here, namely, the cost to the decision-maker, is, intuitively, an un-
desirable attribute, but, as we explain in Section 3.1, we can formally replace
it by a suitably defined desirable evaluative attribute without losing any part
of the underlying intuition.

In all these examples, we face a tension between the principle of domi-
nance, the use of context-dependence in resolving conflicts among the criteria,
and the requirement that the overall ranking of options should be transitive
and continuous. While such tension manifests itself in different ways in these
different areas, there is a common formal structure involved in all these in-
stances. The main purpose of this paper is to propose a general analytical
framework in which this formal structure can be clarified. In the process, we
provide general results which imply, as special cases, the results of Pattanaik
and Xu (2007) and Hare (2007) as well as a version of Sen’s (1970a, 1970b)
paradox of the Paretian liberal. We also prove a related result that extends
the analysis of Kaplow and Shavell (2001). The remainder of the paper is
organized as follows. In Section 2, we develop a framework for our analysis.
Section 3 introduces several properties of the ranking of the options. We
present our main results in Section 4. In Section 5, we give some examples
to illustrate the roles played by the different conditions postulated in one of
our main results. Section 6 deals with some extensions of our results. A
brief conclusion is given in Section 6.

2 The framework

Let C' = {1,2,...,m} be the set of all evaluative attributes or criteria (oo >
m > 2). For every evaluative attribute j € C, let let X be the set of all



values that j can take (#X; > 2). The interpretation of these evaluative
attributes will be different in different contexts as seen the examples given
in Section 1.

Assumption 1. For every j in C, there exists a linear ordering R; defined
over X;. Further, for some attribute j in C, Xj is an interval [3;, a;], such
that —oo < 8, < a; < oo and, for all s,t € [3;, ], sR;t iff s > ¢.

For every evaluative attribute j, it makes sense to speak of more or less of
the attribute j, and the linear ordering R; formally captures this notion of
more or less. The linear ordering R; stands for the binary relation of “offers
at least as much of evaluative attribute j as”. For every j in C, and for all
s,t in X;, sR;t denotes that s offers at least as much of attribute j as ¢.

Let D denote the set of those evaluative attributes j for which X; is an
interval [3;, o], such that —oo < 3, < a; < oo and forall s, € [3;, o], sR;t
iff s > t. It may be noted that, given our Assumption 1, the set D is non-
empty. Under Assumption 1, it is possible to have evaluative attributes,
which are ordinally measurable but which are not cardinally measurable.
Thus, we may be able to distinguish between a higher level of health and a
lower level of health, but we may not be able to measure health on a cardinal
scale along a real interval.’

Let X,,11 be the non-empty set of all alternative specifications of the
contextual features in the problem under consideration. We assume that
| X; |> 2. Thus, in our Example 1 in Section 1, the culture and social
background of the individual whose standard of living is under consideration
constitute the contextual feature; similarly, in Example 2 there, the physical
description of the social state constitutes the contextual feature.

Let U denote {1,2,...,m+1}. Let X = X x X3 x -+ x X,,,41 be the set
of all conceivable options or alternatives. Let > be a reflexive binary relation
(“at least as good as”) defined over X. The asymmetric and symmetric parts
of = are denoted by > and ~, respectively. Thus, for all z,y € X, z > y is
to be interpreted as “alternative x is at least as good as alternative y”, z > y

4Recall that R; is a linear ordering over X iff R; is reflexive, transitive, complete and
anti-symmetric (i.e., for all s,¢ € X, [sR;t and tR;s] = s =1t).

5Tt is possible to relax somewhat the assumption that all attributes in C are at least
ordinally measurable. Thus, our formal results will not be affected if we replace Assump-
tion 1 by the weaker assumption that, for some j € C, Xj is a real interval [Bj, a;], such
that —oo < 8; < aj < oo (for all s,t € [3;, ], s denotes at least as much of attribute j
as t iff s > t).



is to be interpreted as “z is better than y”, and = ~ y is to be interpreted
as "z is indifferent to y”. We say that > is acyclic if and only if there does
not exist a =-cycle in X , i.e., there do not exist x', 22, ..., 2" € X, such that
[z} = 22 and 2% = 23 and ... and "1 = 2" and 2" = 2. Tt is well-known
that acyclicity of > is a much weaker requirement than transitivity of > .

Several specific frameworks developed in the literature may be noted as
special cases of our general framework. In Pattanaik and Xu (2007), C is
assumed to be the set of all functionings and all functionings are assumed to
be measurable on a ratio scale along a non-degenerate real interval, so that
D = C. Pattanaik and Xu (2007) assume that the contextual features simply
refer to the culture and social background of the person whose standard of
living is under consideration. In Example 2 in Section 1, the utilities are the
evaluative attributes in C' and the physical descriptions of the social states
are the contextual features. Analogous interpretations hold for Examples 3
and 4 in Section 1.

3 Weak dominance and dominance, context-
dependence, and weak continuity

3.1 Weak Dominance and Dominance

We now introduce several alternative formulations of the dominance princi-
ple.

~ satisfies weak dominance (resp.dominance) iff there exists j € D such
that, for all z and y in X, if z; > y; and x; = y; for all i € C' — {j}, then
x =y (resp. T = y).

Weak dominance and dominance implicitly assume that there is at least
one ‘desirable’ evaluative attribute that is measured along a real interval.
This is true for most of the examples that we discussed in Section 1. What
if all the evaluative attributes in D are, like the decision-maker’s cost in Ex-
ample 4 in Section 1, undesirable? This, however, is not a serious problem.
Consider the evaluative attribute of cost to the decision-maker. Suppose,
this cost can be anything between 0 dollars and 5000 dollars. Then, while
modeling the problem, we can replace the evaluative attribute of cost by
a formally specified evaluative attribute g (if one likes, one can call it the



decision-maker’s monetary benefit), which can take any value in the interval
[-5000, 0]. An increase in g will then be intuitively equivalent to a decrease
in the cost and will make the option more desirable. In general, without any
loss of intuition, an undesirable evaluative attribute, which is measured along
a real interval [3, o], can be replaced in the formal model by a desirable eval-
uative attribute, which is measured along the real interval [-a, —/3]. A more
complex modeling issue, however, arises when, intuitively, none of the evalu-
ative attributes, which are measured along real intervals, is either desirable
over the entire range of its permissible values or undesirable over the entire
range of its permissible values (so that, starting from some initial quantity
of the attribute, an increase in the amount of the attribute is desirable while
starting from some other initial quantity, an increase in the amount of the
attribute is undesirable). We consider this case in Section 6.

3.2 Context-dependence

The basic intuitive idea of context-dependence is that, though contextual
features do not constitute evaluative criteria on their own, they may, never-
theless, influence the ranking of options by affecting the relative importance
to be attached to the different evaluative criteria in the absence of dominance
in terms of these criteria. One can, however, think of several alternative for-
mulations of this intuitive idea. We consider three alternative versions in
the following definitions.

~ satisfies context-dependence (type I) iff there exist a, b, ¢, d in X, such that
[for all j in C, a; = ¢; and b; = d;], [am+1 = b1 and ¢py1 = dipta), and
[a = b and d > ¢].

~ satisfies context-dependence (type I1) iff there exist a, b, ¢, d in X, such that
[for all j in C, a; = ¢; and b; = d;], and [a > b and d > ].

~ satisfies context-dependence (type 11I) iff there exist x,y € X, such that
(x; =y; forall j € C) and z > y.

Context-dependence(type I) stipulates the existence of four alternatives
a, b, ¢, and d, such that a and c are indistinguishable in terms of the evaluative
properties and so are b and d, a and b have the same contextual features and
so do ¢ and d, and, overall, a ranks higher than b and d ranks higher than c.
Presumably, this happens because the contextual features common to a and
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b affect the relative importance of the evaluative criteria in a different way as
compared to the contextual features shared by ¢ and d. Context-dependence
(type II) is somewhat weaker than context-dependence (type I), insofar as
context-dependence (type II) does not stipulate that the contextual features
must be the same for a and b, as well as for ¢ and d. Context-dependence
(type III) is not logically comparable with context-dependence (type I). It is,
however, stronger than context-dependence (Type II). To see this, consider
xz,y € X, such that (z; = y; for all j € C) and = > y. Then, letting
a=d=xzandb=c=y, it it is clear that a, b, ¢, and d satisfy the conditions
specified in the definition of context-dependence (type II) and we have a > b
and d > c.

3.3 Weak continuity in attributes in D

We now introduce two weak properties of continuity of > in attributes in D
(recall that every attribute in D is measured along a real interval).

>~ satisfies weak continuity in attributes in D iff, for all x and y in X, and,
forall all j € D, ([ 2 > y and x; > ;] implies [ for some 2’ in X, 2 < z;,
xp =), for all k € U — {j}, and 2’ > y]) and ([z > y and y; < «;] implies
[for some 4" in X, v > y;, yj, = y for all k € U — {j}, and = >~ 3/]).

>~ satisfies restricted weak continuity in attributes in D iff, for all z and y in
X such that 41 = Yms1, and, for all all j € D, ([ 2 > y and z; > ﬁj]
implies [ for some 2’ in X, 2, < x;, 21, = 7}, for all k € U — {j}, and 2 > y])
and ([z =y and y; < ;] implies [for some y' in X, ¢ > y;, y;, = yj, for all
keU—{j}, and z > ¢/]).

Weak continuity of > in attributes in D is weaker than continuity, defined
in the usual fashion%, of > in the attributes in D. Restricted weak continuity
is even weaker, insofar as its scope is restricted only to the ranking (in terms
of ) of options all of which have the same contextual features.

4 Some Impossibility results

We now investigate implications of combining in different ways the proper-
ties of > introduced earlier. The following propositions constitute our main

6See Section 4.
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findings.

Proposition 1. No transitive >~ can simultaneously satisfy weak dominance,
context-dependence (type I), and restricted weak continuity in attributes in
D.

The formal proof of Proposition 1 is given in Appendix A. The basic
structure of the proof can, however, be outlined here, using a special case.
Let C = D and let C' contain exactly two evaluative attributes and let both
these attributes be ‘desirable’ in the sense explained earlier in Section 3.1
(in the formal proof, these restrictive assumptions are not needed). Given
context-dependence (type I), let a, b, ¢, and d be such that [a; = ¢, ag =
c2,b1 = di, by = do,a3 = bs, and ¢3 = d3], and (a > b and d > ¢). For the
sake of simplicity, assume that for all j € {1,2}, each of a;,b;,c;, and d;
is greater than [3; (note that this assumption is not required for the formal
proof which we give in Appendix A). Then, by restricted weak continuity
of = in attributes in D, for some a’, which has less of evaluative attributes 1
and 2 than a and ¢, and some d’, which has less of attributes 1 and 2 than b
and d, we must have a’ > b and d’ > ¢. But then, by weak dominance, ¢ > a’
and b = d'. Together, we have (¢’ > b, b = d', d > c and ¢ = d'), which
contradicts the transitivity of >.

Proposition 1 is a generalization of Proposition 1 of Pattanaik and Xu
(2007) (see Example 1 in Section 1 above).

Proposition 1 requires = to be transitive. As the next proposition shows,
transitivity of > can be weakened to acyclicity of > if weak dominance is
strengthened to dominance; while dominance is stronger than weak domi-
nance, intuitively, the former property is hardly less plausible than the latter.

Proposition 2. No = such that > is acyclic can simultaneously satisfy
dominance, context-dependence (type I), and restricted weak continuity in
attributes in D.

The proof of Proposition 2 is similar to that of Proposition 1, and we omit
it. We note that, in the above illustration of Proposition 1, if dominance is
used for b and d’' and for ¢ and d’, then we will get b > d’ and ¢ > a’. Together
with @’ > b and d’ > ¢, a cycle is obtained, which contradicts the acyclicity
of .

Hare’s (2007) analysis (see Examples 3 and 4 in Section 1 above) consti-
tutes a special case of Proposition 2.
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Proposition 3 below differs from Proposition 1 in so far as Proposition
3 replaces context-dependence (type I) and restricted weak continuity by
context-dependence (type II) and weak continuity, respectively. Propositions
2 and 4 differ in an analogous fashion.

Proposition 3. No transitive = can simultaneously satisfy weak dominance,
context-dependence (type II), and weak continuity in attributes in D.

Proposition 4. No > such that > is acyclic can simultaneously satisfy
dominance, context-dependence (type II), and weak continuity in attributes
in D.

The proofs of Propositions 3 and 4 are very similar to the proofs of Propo-
sitions land 2, respectively; therefore, we omit the proofs of Propositions 3
and 4.

Proposition 4 implies a variant of Sen’s (1970a, 1970b) famous impossi-
bility of the Paretian liberal, where the dominance rule takes the form of the
Pareto criterion and context-dependence (type II) takes the form of Sen’s
condition of minimal liberalism. It may, however, be noted that, in this
variant of Sen’s impossibility of the Paretian liberal, Sen’s original condition
that the the set of all possible profiles of individual orderings over the options
be the domain of the social decision rule is replaced by weak continuity of
the social ranking of all options.

Our final result in this section shows the incompatibility of weak domi-
nance and context-dependence (type III) in the presence of weak continuity.

Proposition 5. > cannot simultaneously satisfy weak dominance, context-
dependence (type III), and weak continuity in attributes in D.

The proof of Proposition 5 is given in Appendix A. Proposition 5 consti-
tutes a generalization of the result of Kaplow and Shavell (2001).

5 Some Examples

Some examples may be helpful in clarifying the intuitive structure of the
propositions in the preceding section and also in demonstrating the inde-
pendence of the restrictions on = postulated in these propositions. For the
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sake of brevity, we consider only Proposition 1, which shows the impossibil-
ity of finding a transitive > that simultaneously satisfies weak dominance,
context-dependence (type I), and restricted weak continuity in attributes in
D.

Assume that C' = D = {1,2}. Let X; = X, = [0,100] and let X3 = {p,r}.
We consider four examples.

(i) Let =1 be a binary relation over X, such that, forall z,y € X, = =1 y
iff 3x1 + Txy > 3y + Tys. It can be checked that >; satisfies reflexivity,
transitivity, weak dominance, and restricted weak continuity but violates
context-dependence (type I).

(ii) Let u be a real valued function defined over X such that, for all z € X,
[if 3 = p, then u(z) = 3x; + Txs] and [if x3 =r, then u(z) = 9z + x5]. Let
=9 be a binary relation over X, such that, for all z,y € X, x =5 y iff
u(z) = u(y). It can be easily seen that o satisfies reflexivity, transitivity,
context-dependence (type I), and restricted weak continuity. But >, violates
weak dominance. To see the violation of weak dominance, consider a, b € X,
such that a; = 10,a, = 4,a3 = p,by = 9,b, = 3, and b3 = r. Then a
dominates b in terms of the evaluative criteria, but b >4 a.

(iii) Let >=3be a binary relation defined over X, such that for all z,y € X,
x 3y iff [x1 + 20 > y1 + yo| or [z1 + 22 = y1 + yo and u(z) > y(y),
where u is the real-valued function over X specified in (ii) above]. It can
be checked that >3 satisfies reflexivity, transitivity, weak dominance, and
context-dependence (type I) but violates restricted weak continuity.

(iv) Let =4 be a binary relation defined over X such that, for all z,y € X,
[if x3 = y3 = p, then © =4 y iff 321 + Txe > 3yy + Tys|, [if x3 = y3 = r, then
x =gy iff 7oy + 3x9 > Tys + 3ys], and [if 3 = p and y3 = r, then (x =4 y iff
521 4 bxg = 5y1 + 5y2)]. It can be checked that =, satisfies reflexivity, weak
dominance, context-dependence (type I), and restricted weak continuity. >4,
however, violates transitivity. To see the violation of transitivity, consider
a,b,c € X, such that a; = 10, ay = 5,a3 = p,by = 5,bp = 10,b3 = r,c; =
14,c5 = 1, and c3 = p. It can be checked that a ~ b and b ~ ¢ and a > c.

Examples (i) through (iv) above show that transitivity, weak dominance,
context-dependence (type I), and restricted weak continuity are independent
properties of > .
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6 Further on weak dominance and domi-
nance

Though weak dominance and dominance are plausible properties, they have
one restrictive feature. They are based on the implicit assumption that,
in our intuitive description of the problem, either there exists an evaluative
attribute, which is measured along a real interval and which is desirable
over the entire range of its values, or there exists an evaluative attribute,
which is measured along a real interval and which is undesirable over the
entire range of its values so that it can be replaced by a suitably defined
evaluative attribute which is desirable over the entire range of its values.
While this is true of all the examples that we discussed in Section 1 and
we do not know of any example in the existing literature that violates this
intuitive assumption, one can nevertheless think of examples where this may
not be true. Suppose we have an analytical framework where the well-being
of a person depends on the level of her calorie consumption, among other
things, and calorie consumption is the only attribute in D. It is possible
that, intuitively, an increase in the level of calorie consumption is considered
desirable until it reaches the level of 2500 calories, but, any further increase
beyond that is undesirable’. In this case, weak dominance and dominance,
as we have defined these properties earlier, would not be plausible®. It is,
however, possible to weaken the properties of weak dominance and dominance
to permit such cases. Consider the following weaker versions of the two
properties.

>~ satisfies local weak monotonicity iff, there exists 7 € D, such that, for all
x in X, there exists € > 0 such that

z; < a; implies either [y = x forall y € X with z; < y; < z;4+€ and y, =
forall k € C — {j}], or [z =y for all y € X with z; <y; < x; + € and
yr =y, for all k € C' — {j}],

and

"We are grateful to Sudhir Anand for this example.

8Note that no such intuitive problems regarding weak dominance or dominance in
core properties arises in Sen’s functioning approach to living standards (see Example 1 in
Section 1) since functionings are defined in such a way that they are all desirable attributes.
Thus, calories would not be a functioning in Sen’s sense though being well nourished would
be so.
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x; > [3; implies ly = x for all y € X with z; — e < y; < z; and y, = x, for
all k € C — {j}], or [x = y for all y € X with 2; — e < y; < z; and
yr =z for all k € C' — {j}].

>~ satisfies local monotonicity iff, there exists j € D, such that, for all x in
X, there exists € > 0 such that

x; < oy implies either [y > x for all y € X with z; < y; < z;+€ and y, = z;,
for all k € C' — {j}], or [x =y for all y € X with z; < y; < x; + € and
yr =, for all k € C' — {j}],

and

x; > [, implies [y = x for all y € X with z; — e < y; < x; and y, = x;, for
all k € C —{j}], or [x > y for all y € X with 2; — e < y; < z; and
yr =z for all k € C' — {j}].

Clearly, local weak-monotonicity and local monotonicity do not involve
the implicit assumption that every evaluative attribute, which is measured
along a real interval, is either desirable over the entire range of its values
or undesirable over the entire range of its values. They simply require the
existence of an evaluative attribute j, such that j is measured along a real
interval, and, starting with any z in X, either all small increases in the
amount of j make the option more attractive or all small increases in the
amount of j make the option less attractive; and similarly for small decreases
in the amount of j.

Given these properties, we remark that the counterparts of Propositions
1, 2, 3, 4, and 5 using local weak-monotonicity and local monotonicity instead
of weak dominance and dominance, continue to hold if we use the following
continuity properties of > in attributes in D.

>~ satisfies continuity in attributes in D iff, for all j € D and for all z,y € X,
if z > y [resp. y > z], then there exists ¢ > 0 such that, for all 2/ € X, if
| 7; — 2} |[< e and for all i € U — {j}, 2} = x;, then 2’ = y [resp. y = 2'].

> satisfies restricted continuity in attributes in D iff, for all j € D and for
all z,y € X, if z > y [resp. y = 2| and z,,11 = Y11, then there exists € > 0
such that, for all 2’ € X, if [ 2; — 2/ |< e and for all i € U — {j}, 2} = x4,
then /> y [resp. y > 2'].
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With these properties in hand, we can prove the following propositions;
since their proofs are, in many ways, similar to the proofs of Propositions 1,
2, 3, 4, and 5, we omit them.

Proposition 1’. No transitive > can simultaneously satisfy local weak
monotonicity, context-dependence (type I), and restricted continuity in at-
tributes in D.

Proposition 2. No > such that > is acyclic can simultaneously satisfy
local monotonicity, context-dependence (type I), and restricted continuity in
attributes in D.

Proposition 3. No transitive > can simultaneously satisfy local weak
monotonicity, context-dependence (type II), and continuity in attributes in
D.

Proposition 4’. No > such that > is acyclic can simultaneously satisfy
local monotonicity, context-dependence (type IT), and continuity in attributes
in D.

Proposition 5. No > can satisfy weak local monotonicity, context-
dependence (type III), and continuity in attributes in D.

7 Concluding remarks

In decisions involving multiple criteria, there is a fundamental incompat-
ibility between various dominance principles and the principles of context-
dependence in the presence of rationality postulates and certain requirements
of continuity. Dominance principles seem to be highly plausible in such situ-
ations. Principles of context-dependence are quite weak: a rejection of them
would imply that contextual features should never have any influence on the
relative importance to be attached to the different criteria when the dom-
inance principle is not applicable. Rationality and continuity seem to be
widely accepted requirements in decision theory. If we are not prepared to
give up any of these properties in making choices, then we are faced with a
dilemma. It would be interesting to examine and investigate further when
and how some of these properties may be weakened to arrive at consistent
decisions.
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Appendix A

Proof of Proposition 1. Suppose a transitive > satisfies weak dom-
inance, context-dependence (type I), and restricted weak continuity in at-
tributes in D. We shall show that this supposition leads to a contradiction.

By weak dominance, there exists an attribute g € D, such that,

forall z,y € X, if x; =y, for all j € C — {g} and =, > y,, then x > y.

- (1)

Throughout the rest of the proof, we shall treat such g as fixed.
By context-dependence (type I),

there exist a,b,c,d € X, such that (for all j € C,a; = ¢; and b; = d;),
(@ms1 = bprand ¢ = dipst), and (a = b and d > ¢). .. (2)

We consider the following cases:

ag =cg = B,,by =dy = B; .. (3)
ag = Cq = By,by = dy > B; .. (4)
ag =cg > B,by =dy = B; .. (5)
and

ag = Cq > B,,by =dy > 3, ... (6)

Suppose (3) holds. Then, by restricted weak continuity and (a > b), there
exists b' € X, such that, b, > b, = d, and (b; = b; for all j € U — {g}) and
a > b'; and, by restricted weak continuity and (d > ¢), there exists ¢ € X,
such that, ¢, > ¢; = ay, (¢j = ¢; for all j € U —{g}) and d = ¢. By (1),
V' = d follows from bj, > d, and b, = d,, for all j € C'—{g}, and ¢’ = a follows
from ¢, = ay and c; = a; for all j € C'— {g}. Therefore, we obtain: a = ¥/,
b >=d,d > c and ¢ > a, which contradicts the transitivity of >.

Suppose (4) holds. Then, by restricted weak continuity and (d > ¢), there
exists d' € X, such that, dj, < d, = by, (d; = d; for all j € U — {g}) and
d' + c. By restricted weak continuity and (d’' > ¢), there exists ¢ € X, such
that ¢, > ¢, = ag and (¢ = ¢; forall j € U—{g}) and d’' = ¢. By (1), b= d’
follows from b, > d; and (b; = d} for all j € C' — {g}), and ¢ = a follows
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from ¢ > a, and (c; = a; for all j € C' — {g}). Consequently, we obtain:
axbbxd,d ~cd and ¢ = a, a contradiction of the transitivity of >.

The proof for the case where (5) holds is similar to the proof for the case
where (3) holds, and we omit it.

Suppose (6) holds. Then, by restricted weak continuity and (a > b), there
exists a’ € X, such that a;, < a; = ¢, (a} = a; for all j € C — {g}) and
a’ > b; and by restricted weak continuity and (d > c¢), there exists d' € X,
such that d;, < d, = by, (d; = d; for all j € C' —{g}) and d' » c. Noting
that (¢, > a; and ¢; = a for all j € C' — {g}) and (b, > d;, and b; = d for
all j € C —{g}), by (1), we obtain ¢ = ¢’ and b = d’'. Therefore, we have:
a =bb>d,d = candc> d, which contradicts the transitivity of >.

This completes the proof of Proposition 1. l

Proof of Proposition 3. Suppose = satisfies weak dominance, context-
dependence (type III), and weak continuity in attributes in D. We shall show
that this leads to a contradiction.

By weak dominance, there exists an attribute g € D, such that (1) holds.
In the rest of this proof, we treat such ¢ as fixed.

Given context dependence (type III), there exist a,b € X, such that (for
all j € C,a; =0b;j) and a > b.

We distinguish three cases: (i) a, = b, = 3,; (i) ag = by = a; and (iii)
B, <ay="by < ay Incase (i), by a = b and weak continuity in attributes
in D, we have a > b for some 0’ € X with b, > b, = 3, and b = b; for
all j € U~ {g}. By (1) and noting that b, > a, = 8, and b = a; for all
j € C —{g}, we have b’ > a, an immediate contradiction of a > b'. In case
(ii), by @ > b and weak continuity in attributes in D, we have a’ > b for some
a' € X with a, < ay = b, = oy and aj = a; for all j € U — {g}. By (1), it
follows that b > o/, an immediate contradiction of @’ > b. In case (iii), by
a > b and by a straightforward application of weak continuity in attributes
in D, we have a” >~ b for some a” € X with a; < a, = b, and a = a; for all
j €U —{g}. Then, by (1), b = a”, a direct contradiction of a” > b. B
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